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A method for producing entangled squeezed states (ESSs) for atomic Bose-Einstein condensates
(BECs) is proposed by using a BEC with three internal states and two classical laser beams. We
show that it is possible to generate two-state and multi-state ESSs under certain circumstances.
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I. INTRODUCTION
Quantum entanglement has been the focus of much
work in the foundations of quantum mechanics, being
particularly with quantum nonseparability, the violation
of Bell’s inequalities, and the so-called Einstein-Pololsky-
Rosen (EPR) paradox. Beyond this fundamental aspect,
creating and manipulating of entangled states are essen-
tial for quantum information applications. Among these
applications are quantum computation [1], quantum tele-
portation [2], quantum dense coding [3], and quantum
cryptography [4]. Hence, quantum entanglement has
been viewed as an essential resource for quantum infor-
mation processing.
In recent years, much progress has been made on creat-
ing quantum entanglement between macroscopic atomic
samples [5, 6, 7, 8, 9, 10, 11, 12]. There are several
proposals to generate quantum entanglement between
macroscopic atomic ensembles [9] and to explore its appli-
cations to quantum communication [5, 13, 14] and quan-
tum computation [15]. In particular, quantum entangle-
ment between two separate macroscopic atomic samples
[6] has been demonstrated experimentally. On the as-
pect of atomic Bose-Einstein condensates (BECs) it has
been shown that substantial many-particle entanglement
can be generated directly in a two-component weakly
interacting BEC using the inherent inter-atomic inter-
actions [7, 16] and a spinor BEC using spin-exchange
collision interactions [8, 10, 11]. Based on an effec-
tive interaction between two atoms from coherent Ra-
man processes, Helmerson and You [12] proposed a co-
herent coupling scheme to create massive entanglement
of BEC atoms. An entanglement swapping scheme be-
tween trapped BECs [17] has also been proposed. In-
deed, nowadays manipulation and control of quantum
entanglement between BEC atoms has become one of
important goals for experimental studies with BECs. As
well known, one of the key problems in the experimental
explorations of quantum entanglement is to coherently
control interaction between the relevant particles. The
strength of the inter-atomic interactions in atomic BECs
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can vary over a wide range of values through changing
external fields. This kind of control and manipulation
of inter-atomic interactions has been experimentally re-
alized through magnetical-field-induced Feshbach reso-
nances in atomic BECs [18]. Therefore, atomic BECs
provide us with an ideal experimental system for study-
ing quantum entanglement.
On the other hand, recently much attention has been
paid to continuous variable quantum information pro-
cessing in which continuous-variable-type entangled pure
states play a key role. For instance, two-state entangled
coherent states are used to realize efficient quantum com-
putation [19] and quantum teleportation [20]. Two-mode
squeezed vacuum states have been applied to quantum
dense coding [21]. In particular, following the theoreti-
cal proposal of Ref. [22], continuous variable teleporta-
tion has been experimentally demonstrated for coherent
states of a light field [23] by using entangled two-mode
squeezed vacuum states produced by parametric down-
conversion in a sub-threshold optical parametric oscilla-
tor. It is also has been shown that a two-state entangled
squeezed vacuum state can be optically created and used
to realize quantum teleportation of an arbitrary coherent
superposition state of two equal-amplitude and opposite-
phase squeezed vacuum states [24, 25]. Therefore, it is
an interesting topic to create entangled squeezed states
in atomic BECs.
In this paper, we present a scheme to produce entan-
gled squeezed states for atomic BECs. The proposed sys-
tem consists of an atomic BEC with three internal states
and two classical laser beams with appropriate frequen-
cies. They form a three-level lambda configuration. We
show that it is possible to generate entangled squeezed
states for atomic BECs. This paper is organized as fol-
lows. In Sec. II, we present the physical system under
our consideration, establish our model, and give an ap-
proximate analytic solution of the model. In Sec. III, we
show how to produce entangled squeezed vacuum states
for atomic BECs. We shall conclude our paper with dis-
cussions and remarks in the last section.
II. MODEL AND SOLUTION
Consider a cloud of BEC atoms which have three in-
ternal states labelled by |1〉, |2〉, and |3〉 with energies
2E1, E2, and E3, respectively. The two lower states |1〉
and |3〉 are Raman coupled to the upper state |2〉 via,
respectively, two classical laser fields of frequencies ω1
and ω2 in the Lambda configuration. The interaction
scheme is shown in Fig. 1. The atoms in these in-
ternal states are subject to isotropic harmonic trapping
potentials Vi(r) for i = 1, 2, 3, respectively. Further-
more, the atoms in BEC interact with each other via
elastic two-body collisions with the δ-function potentials
Vij(r − r′) = Uijδ(r − r′),where Uij = 4pih¯2aij/m with
m and aij , respectively, being the atomic mass and the
s-wave scattering length between atoms in states i and
j. A good experimental candidate of this system is the
sodium atom condensate for which there exist appropri-
ate atomic internal levels and external laser fields to form
the Lambda configuration which has been used to demon-
strate ultraslow light propagation [26] and amplification
of light and atoms [27] in atomic BECs.
The second quantized Hamiltonian to describe the sys-
tem at zero temperature is given by
Hˆ = Hˆa + Hˆa−l + Hˆc, (1)
where Hˆa gives the free evolution of the atomic fields,
Hˆa−l describes the dipole interactions between the
atomic fields and laser fields, and Hˆc represents inter-
atom two-body interactions.
The free atomic Hamiltonian is given by
Hˆa =
3∑
i=0
∫
dxψˆ†i (x)
[
− h¯
2
2m
∇2 + Vi(x) + Ei
]
ψˆi(x),
(2)
where Ei are internal energies for the three internal
states, ψˆi(x) and ψˆ
†
i (x) are the boson annihilation and
creation operators for the |i〉-state atoms at position
x, respectively, they satisfy the standard boson com-
mutation relation [ψˆi(x), ψˆ
†
j (x
′)] = δijδ(x − x′) and
[ψˆi(x), ψˆj(x
′)] = 0 = [ψˆ†i (x), ψˆ
†
j (x
′)].
The atom-laser interactions in the dipole approxima-
tion can be described by the following Hamiltonian
Hˆa−l =
1
2
∫
dx
[
Ω1ψˆ
†
2(x)ψˆ1(x)e
i(k1·x−ω1t)
+Ω2ψˆ
†
2(x)ψˆ3(x)e
i(k2·x−ω2t) +H.c.
]
, (3)
where Ω1 = −µ21E1/h¯ and Ω2 = −µ23E2/h¯ are the Rabi
frequencies of the two laser beams with µij denoting a
transition dipole-matrix element between states |i〉 and
|j〉, k1 and k2 are wave vectors of correspondent laser
fields.
The collision Hamiltonian is taken to be the following
form
Hˆc =
2pih¯2
m
∫
dx
[
3∑
i=1
asci ψˆ
†
i (x)ψˆ
†
i (x)ψˆi(x)ψˆi(x)
+
∑
i6=j
2ascij ψˆ
†
i (x)ψˆ
†
j (x)ψˆi(x)ψˆj(x)

 , (4)
where asci is s-wave scattering length of condensate in the
internal state |i〉 and ascij that between condensates in the
internal states |i〉 and |j〉.
∆
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1
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3
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FIG. 1: Three-level Lambda-type atoms coupled to two clas-
sical laser fields with the detunings ∆1 and ∆2.
For a weakly interacting BEC at zero temperature one
may neglect all modes except for the condensate mode
and approximately factorize the atomic field operators
as a product of a single mode operator bˆi and a normal-
ized wavefunction for the atoms in the BEC φi(x), i.e.,
ψˆi(x) ≈ bˆiφi(x) where φi(x) is given by the ground state
of the following Schro¨dinger equation
[
− h¯
2
2m
∇2 + Vi(x) + Ei
]
φi(x) = h¯νiφi(x), (5)
where h¯νi is the energy of the mode i.
The valid conditions of the single-mode approxima-
tion were demonstrated in Refs. [28, 29], which indi-
cate that this approximation provides a reasonably ac-
curate picture for weak many-body interactions, i.e., for
small number of condensed atoms. For large condensates,
the mode functions of condensates are altered due to the
collision interactions, and the two-mode approximation
breaks down. A simple estimate shows that this hap-
pens when the number of atoms N satisfies Nasc ≫ r0,
where asc is a typical scattering length and r0 is a mea-
sure of the trap size. If we consider a large trap [26] with
the size r0 = 100µm and the typical scattering length
asc = 5 nm, the single mode approximation is applicable
for N ≤ 20000. Substituting the single-mode expansions
of the atomic field operators into Eqs. (2-4), we arrive at
the following three-mode approximate Hamiltonian
Hˆ = h¯
3∑
i=1
νibˆ
†
i bˆi − h¯
[
g1bˆ
†
2bˆ1e
−iω1t
+g2bˆ
†
2bˆ3e
−iω2t +H.c.
]
+
3∑
i=1
λibˆ
†2
i bˆ
2
i +
∑
i6=j
λij bˆ
†
i bˆibˆ
†
j bˆj , (6)
3where gi are the linear coupling constants defined by
gi =
1
2
Ωi
∫
dxφ∗2(x)φ1(x)e
iki.x. (7)
And λi and λij are nonlinear coupling constants given by
λi =
2pih¯2asci
m
∫
dx|φi(x)|4, (8)
λij =
4pih¯2ascij
m
∫
dx|φi(x)|2|φj(x)|2, (i 6= j). (9)
Going over to an interaction picture with respect to
H0 = h¯ν1
3∑
i=1
bˆ†i bˆi + h¯(ω1 − ω2)bˆ†3bˆ3 + h¯ω1bˆ†2bˆ2, (10)
we can transfer the time-dependent Hamiltonian (6) to
the following time-independent Hamiltonian
HˆI = h¯(∆1 −∆2)bˆ†3bˆ3 + h¯∆1bˆ†2bˆ2
−h¯[g1bˆ†2bˆ1 + g2bˆ†2bˆ3 +H.c.]
+
3∑
i=1
λibˆ
†2
i bˆ
2
i +
∑
i6=j
λij bˆ
†
i bˆibˆ
†
j bˆj , (11)
where ∆1 = ν2 − ν1 − ω1 and ∆2 = ν2 − ν3 − ω2 are the
detunings of the two laser beams, respectively.
We consider the situation of the exact two-photon res-
onance (i.e., ∆1 = ∆2 = ∆), and suppose the large two-
photon detuning ∆ ≫ ν3 − ν1. In this case from the
Hamiltonian (10) the atomic field operators bˆ2 and bˆ
†
2
can be adiabatically eliminated. Then we arrive at the
following effective two-mode Hamiltonian containing only
atomic field operators in internal states |1〉 and |3〉
Hˆeff = ω1bˆ
†
1bˆ1 + ω3bˆ
†
3bˆ3 + (gbˆ
†
3bˆ1 + g
∗bˆ†1bˆ3)
+λ1bˆ
†2
1 bˆ
2
1 + λ13bˆ
†
1bˆ1bˆ
†
3bˆ3 + λ3bˆ
†2
3 bˆ
2
3, (12)
where we have set h¯ = 1 and introduced
ω1 = −|g1|
2
∆
, ω3 = −|g2|
2
∆
, g = −g1g
∗
2
∆
. (13)
From Eqs. (11) and (12) we see that the laser-atom in-
teractions are converted as an atomic effective tunnelling
interaction between state |1〉 and state |3〉 with the tun-
nelling coupling strength being determined by strengths
of the laser-atom interactions and the detuning. In the
derivation of Eq. (12), all terms involving bˆ†2bˆ2 have been
ignored since the atomic population in the internal state
|2〉 approaches zero under conditions of our considera-
tion.
For the sake of simplicity, we consider a symmetric
interaction situation in which inter-atomic interactions
in condensates in the internal states |1〉 and 3〉 have the
same interacting strengths and two applied lasers have
the same Rabi frequencies. So that we have g1 = g2 and
λ1 = λ3 ≡ q. Then from Eq. (13) we can obtain ω1 =
ω3 = −|g1|2/∆ ≡ g. Hence the effective Hamiltonian
(12) reduces to the following simple form
Hˆeff = g(bˆ
†
1bˆ1 + bˆ
†
3bˆ3) + q(bˆ
†2
1 bˆ
2
1 + bˆ
†2
3 bˆ
2
3)
+g(bˆ†1bˆ3 + bˆ
†
3bˆ1) + 2χbˆ
†
1bˆ1bˆ
†
3bˆ3, (14)
where we have set χ = λ13/2. When q and χ are much
less than |g|, which is the case of weak inter-atomic
nonlinear interactions, the effective Hamiltonian can be
solved approximately under the rotating-wave approxi-
mation. In order to do this, one introduces the following
unitary transformation
bˆ1 =
1√
2
(Bˆ1 − iBˆ3), bˆ3 = 1√
2
(Bˆ1 + iBˆ3), (15)
where Bˆ1 and Bˆ3 satisfy the usual boson commutation
relations: [Bˆi, Bˆj ] = 0 = [Bˆ
†
i , Bˆ
†
j ], and [Bˆi, Bˆ
†
j ] = δij
with Bˆ†i being the hermitian conjugation of Bˆj . Under
the rotating-wave approximation [30], we get the follow-
ing approximate Hamiltonian
Hˆeff ≈ ωNˆ + g(Bˆ†1Bˆ1 − Bˆ†3Bˆ3)
+
1
4
q[3Nˆ2 − (Bˆ†1Bˆ1 − Bˆ†3Bˆ3)2]
+
1
2
χNˆ2 − χBˆ†1Bˆ1Bˆ†3Bˆ3, (16)
where the total number operator Nˆ is a conserved con-
stant which is given by Nˆ = bˆ†1bˆ1+ bˆ
†
3bˆ3 = Bˆ
†
1Bˆ1+ Bˆ
†
3Bˆ3,
and we have introduced a new parameter
ω = g − 1
2
(χ+ q). (17)
The bases of the Fock spaces in the (bˆ1, bˆ3) and
(Bˆ1, Bˆ3) representations are defined, respectively, by
|n,m〉 = 1√
n!m!
bˆ†n1 bˆ
†m
3 |0, 0〉, (18)
|n,m) = 1√
n!m!
Bˆ†n1 Bˆ
†m
3 |0, 0), (19)
where n and m take non-negative integers. Obviously,
Hˆeff is diagonal in the Fock space of (Bˆ1, Bˆ3), and we
have
Hˆeff |n,m) = E(n,m)|n,m), (20)
where eigenvalues of the Hamiltonian are given by the
following expression
E(n,m) = ω(n+m) + g(n−m) + 1
2
(q + χ)(n+m)2
+(q − χ)nm. (21)
4III. ENTANGLED SQUEEZED STATES
In this section we shall show that entangled squeezed
vacuum states for atomic BECs can be produced when
atomic BECs are initially in a product squeezed vacuum
state through properly manipulating laser-atom interac-
tions and inter-atomic interactions in the BECs.
Consider a product squeezed vacuum state of two
squeezed vacuum states defined in Fock spaces of (bˆ1, bˆ3)
and (Bˆ1, Bˆ3), respectively,
|ξ1, ξ3〉 = Sˆbˆ1(ξ1)Sˆbˆ3(ξ3)|0, 0〉, (22)
|η1, η3) = SˆBˆ1(η1)SˆBˆ3(η3)|0, 0), (23)
where the single mode squeezing operators in the (bˆ1, bˆ3)
and (Bˆ1, Bˆ3) representations with arbitrary complex
squeezing parameters ξi and ηi (i = 1, 3) are defined by
Sˆ
bˆi
(ξi) = exp
[
−1
2
(
ξibˆ
†
i − ξ∗i bˆi
)]
, (24)
Sˆ
Bˆi
(ηi) = exp
[
−1
2
(
ηiBˆ
†
i − η∗i Bˆi
)]
. (25)
For the convenience in later use we here introduce a
two-mode squeezed state in the (Bˆ1, Bˆ3) representation
|ζ)B1B3 = SˆBˆ1Bˆ3(ζ)|0, 0), (26)
where the two-mode squeezing operator is defined by
Sˆ
Bˆ1Bˆ3
(ζ) = exp
(
−ζBˆ†1Bˆ†3 + ζ∗Bˆ1Bˆ3
)
, (27)
where ζ is an arbitrary complex number.
It is straightforward to see that a direct-product state
of two squeezed vacuum states in the (bˆ1, bˆ3) and (Bˆ1, Bˆ3)
representations is transferred to an entangled state in the
correspondent representation, respectively. In general,
the entangled state in correspondent representation can-
not be explicitly expressed as a product squeezed vacuum
state for general squeezing parameters ξ and η. However,
a product squeezed state of two squeezed vacuum states
with the same squeezing parameters in the (bˆ1, bˆ3) repre-
sentation may be transferred to a product squeezed vac-
uum state of two squeezed vacuum states with the same
squeezing amplitudes but opposite phases in the (Bˆ1, Bˆ3)
representation, while a product squeezed vacuum state
of two squeezed vacuum states with the same squeezing
amplitudes but opposite phases in the (bˆ1, bˆ3) represen-
tation is transferred to a two-mode squeezed state in the
(Bˆ1, Bˆ3) representation. And a product squeezed vac-
uum state of two squeezed vacuum states with the same
squeezing parameters in the (Bˆ1, Bˆ3) representation is
transferred to a two-mode squeezed state with the same
squeezing parameter in the (bˆ1, bˆ3). These transforma-
tion relations are explicitly expressed as
|ξ, ξ〉 = |ξ,−ξ), |ξ,−ξ〉 = |iξ)B1B3 , |ξ, ξ) = |ξ〉b1b3 .
(28)
In what follows we shall investigate generation of en-
tangled squeezed vacuum states for the case in which
BECs are initially in the two product squeezed vacuum
states in the (bˆ1, bˆ3) representation |ξ,−ξ〉.
In this case, two BECs in the (bˆ1, bˆ3) modes are ini-
tially in a product squeezed vacuum state of two squeezed
vacuum states with the same squeezing amplitudes and
the pi phase difference. From Eq. (15) we know that
after transferring to the (Bˆ1, Bˆ3) representation, the sys-
tem under our consideration is initially in a two-mode
squeezed vacuum state. This initial state can be explic-
itly written as
|Φ(0)〉 = 1
cosh r
∞∑
n=0
[−ieiθ tanh r]n |n, n), (29)
where ξ = r exp(iθ), with r and θ real and positive. Then
making use of Eqs. (20), (21), and (29) we know that at
time t the system will be a state
|Φ(t)〉 = 1
cosh r
∞∑
n=0
exp
{
it
[
(q + χ− 2g)n− (3q + χ)n2]}
× [−ie−iθ tanh r]n |n, n). (30)
When relevant parameters satisfy the conditions q =
2χ and 4g = −19q, the wavefunction of the system (30)
becomes
|Φ(τ)〉 = 1
cosh r
∞∑
n=0
exp
[
− i
2
τn(n− 3)
]
× [−ie−iθ tanh r]n |n, n), (31)
where we have set τ = 7qt.
We note that the wavefunction of the system (31) dif-
fers from a conventional two-mode squeezed state (29) by
an extra phase factor appearing in its decomposition into
a superposition of Fock states. It can always be repre-
sented as a continuous sum of two-mode squeezed states.
And under appropriate periodic conditions, it can reduce
to discrete superpositions of two-mode squeezed states.
It is this point that we use in present paper to create
entangled squeezed states what we expect. Actually, the
state (31) can be expressed as a continuous superposition
of two-mode squeezed states
|Φ(τ)〉 =
∫ 2pi
0
dφ
2pi
g(φ)|ieiφξ)B1B3 , (32)
where the phase g(ϕ) function is given by
g(φ) =
∞∑
n=0
exp
[
−i1
2
τn(n− 3)− inφ
]
(33)
Since n(n−3) is always even, the exponential function
exp[−iτn(n− 3)/2] in Eq. (31) is periodic function with
the period T = 2pi. When τ = (M/N)2pi with N and M
being mutually prime integers, the phase function g(φ) is
5a periodic function with respect to n with the period 2N .
Hence, the wavefunction may be expressed as a discrete
superposition state of two-mode squeezed states∣∣∣∣Φ
(
τ =
M
N
2pi
)〉
=
2N−1∑
n=0
cr
∣∣ieiϕrξ)
B1B3
, (34)
where the running phase is defined by
ϕr =
pi
N
r, (r, s = 0, 1, 2, · · · , 2N − 1). (35)
The coefficients in Eq. (34) are given by
cr =
1
(2N)2
2N−1∑
n=0
exp
{
−pii
N
[nr −Mn(n− 3)]
}
. (36)
We now give two nontrivial examples of entangled
squeezed vacuum states. The first one is the case of
N = 2 and M = 1, i.e., τ = pi in Eq. (34). In this case,
from Eq.(36) we find that there exist only two nonzero c-
coefficients c1 = c
∗
3 = 1/
√
2 exp(ipi/4), which leads to the
following superposition state of two two-mode squeezed
states with the same squeezing amplitudes but opposite
phase in the (Bˆ1, Bˆ3) representation
|Φ (τ = pi)〉 = 1√
2
[| − ξ)B1B3 − i|ξ)B1B3 ], (37)
where we have discarded the common phase factor
exp(−ipi/4) on the right-hand side of above equation.
After transferring to the (bˆ1, bˆ3) representation, we ob-
tain an entangled state of two product squeezed vacuum
states
|Φ (τ = pi)〉 = 1√
2
[|iξ,−iξ〉 − i| − iξ, iξ〉]. (38)
where we have used Eq. (28).
As the last example of creating entangled squeezed vac-
uum for atomic BECs, we consider the situation ofN = 4
and M = 1, i.e., τ = pi/2 in Eq. (34). In this case,
from Eq.(36) we find that all nonzero c-coefficients are
c0 = c4 = 1/2, and c2 = −c6 = 1/2 exp(ipi/4), which
results in the following superposition state of four two-
mode squeezed states with the same squeezing ampli-
tudes but different phases in the (Bˆ1, Bˆ3) representation∣∣∣Φ(τ = pi
2
)〉
= −1
2
ei
pi
4
[|ξ)B1B3 − |−ξ)B1B3]
+
1
2
[|iξ)B1B3 + |−iξ)B1B3] . (39)
After transferring to the (bˆ1, bˆ3) representation, we find
that the resulting entangled state is given by∣∣∣Φ(τ = pi
2
)〉
= −1
2
ei
pi
4 [|−iξ, iξ〉 − |iξ,−iξ〉]
+
1
2
[|ξ,−ξ〉+ |−ξ, ξ〉] , (40)
which is an entangled state of four product squeezed vac-
uum states.
IV. CONCLUDING REMARKS
We have presented a scheme for the generation of
entangled squeezed states for atomic BECs with the
Raman-coupled configuration. In the proposed scheme
quantum entanglement is created through laser-atom in-
teractions and inter-atomic interactions in the BECs.
Under the large detuning and exact two-photon resonant
condition, the atomic field operators at the upper level
is adiabatically eliminated, the system becomes an effec-
tive two-mode system. In this process the laser-atom
interactions are converted as an atomic effective tun-
nelling interaction between two lower levels with the tun-
nelling coupling strength to be determined by strengths
of the laser-atom interactions and the laser detunings.
We have discussed how to create two-state and multi-
state entangled squeezed states and superposition states
of two-mode squeezed states. When the initial state of
the two-mode system is a product squeezed state with
the same squeezing amplitudes and phases, superposition
states of two-mode squeezed states can be created, while
when the initial state of the system is a product squeezed
state with the same squeezing amplitudes but opposite
phases, entangled squeezed states can be generated. We
have found that generation of different entangled states
are strongly manipulated by varying the initial states of
the system. Thus, one can create a variety of entangled
states by preparing different initial states.
In our scheme the essential requirements to achieve
entangled squeezed states include the exact two-photon
resonance, the large detunning of laser frequencies with
respect to relevant atomic transitions, and manipulation
of strengths of laser-atom interactions and inter-atomic
weak nonlinear interactions. The former two can be
realized through adjusting frequencies of lasers. Laser-
atom interaction strengths can be changed through con-
trolling polarizations and intensities of lasers. Finally,
inter-atomic nonlinear interactions can be manipulated
through changing atomic scattering lengths in BECs. Re-
cent experiments on Feshbach resonances in a Bose con-
densate [18] have indicated that the scattering length of
ultracold atoms can be altered through Feshbach reso-
nance. It is also worth noting that the Yale group [31]
has successfully produced squeezed-state atomic BECs.
These experimental advances together with current ma-
ture detecting techniques for atomic BECs provide us
with the possibility to create and to observe experimen-
tally entangled squeezed states in atomic condensates.
However, it should be mentioned that quantum entan-
glement discussed in present paper is of particular na-
ture: the entangled subsystems are not spatially sepa-
rated. This characteristic may limit its use. How to
make use of such kind of quantum entanglement as a re-
source to carry out quantum information processing is an
interesting topics for further study.
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